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Abstract 
 

In this paper we study about both size and shape effects on the Transition temperature of 

ferromagnetic nanocrystals  for the first time. Also a thermodynamic approach is proposed to the 

mechanism of size and shape dependent of ferromagnetic transition temperature. One relation that is 
obtained,  is a simple and unified function without any adjustable parameter that pre-established for 

the size dependent of ferromagnetic. Also to find of shape effects on the Curie temperature of 

ferromagnetic nanoparticles a model was developed, that is based on the relation cohesive energy and 

temperature variations.  

 

1. Introduction 
 

With the miniaturization of devices, size effects become important for the properties of 
nanomaterial. When the size reduces to nanometers, ferromagnetic solids may exhibit 

superparamagnetism (TANG, et al., 2004) and lower Curie temperature (EVANS, et al., 2006), 

(FISHER and BARBER, 1972), (HONG, et al., 2005), (SUN, et al., 2004) and (YANG and JIANG, 

2005)  of ferromagnetic nanoparticles decrease with decreasing diameter. 

Some models have been developed to understand the experimental the observation of  

suppression. The first one is established in 1972 by FISHER and BARBER that is based on the 

thickness variation effect on the ferromagnetic transition temperature (Zhang and Willis, 2001). This 
theory predict that when the spin- spin correlation length beyond from the film thickness, critical 

temperature shift to a lower temperature Than the bulk value in the thin films .The relation of curie 

temperature to thickness for thin films is: 

n>  

For ultrathin films: 

(1) 
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n<                                                                        (2) 

where   ِ D is the size of Nano crystals,  denotes the Curie temperature,  shows 

the bulk value of Curie temperature,  is the key parameter, the range of the spin-spin coupling and 

n denotes the film thickness.  NIKOLAEV and SHIPILIN (NIKOLAEV and SHIPILIN, 2003) have 

proposed a function in light of the effect of breaking of exchange bond that has been proposed 

as: 

                                           

                                                                                                      (3b) 

                                                                                                        (3c) 

where  is the thickness of the surface layer of nanoparticle.  shows the vibrational 

entropy and R denotes the gas constant. However when this model is utilized to fit experimental data 

for  nanoparticles of different size a constant  is unsuccessful in the full size range of nano 

size.  
To predict the size-dependence of melting temperature, JIANG et al proposed a model that is 

based on the size dependent cohesive energy function a model for the  of Nano crystals 

                                                                                                                          (4) 

 

                                                               

where  is the bulk evaporation entropy of crystals. denotes a critical diameter,  which 

related to the atomic or molecular diameter h through. C is added as an additional condition for 
different surface states. C=1 for low dimensional Material with free surface Where the potential of 

surface atoms of the Nano crystals differs from the interior Nano crystals. When the interface 

interaction between the Nano crystals and the corresponding substrates is weak, such as thin films 
deposited on inert substrates, the film/substrate interaction is of weak Vanderwals forces while the 

inner interactions within the thin films are strong chemical bonds C =   (CUI, et al., 2005), (YANG 

and JIANG, 2005). All these models are important to find the nature of ferromagnetic transition 
temperature suppression of nanoparticles.  

Also another important aspect of particles is the shape of nanoparticles. For a nanoparticle with 

the same size different shapes lead to different specific surfaces (CAO, et al., 2006), (WAUTELET, et 

al., 2003) and (XIE, et al., 2004).  
At first we study the theory of shape effect on Curie temperature of ferromagnetic Nano crystals. 

This theory is based on the relation cohesive energy and temperature variations. Then we have plotted 

graphs to compare the different nanostructures. 
Then we discuss about a simple model for size dependent of Curie temperature that based on the 

Lindeman criterion, Mott’s expression and Shi model. We try to prove it’s all about relations. Then we 

compare previous models and the new model with the available experimental data. 
 

1.1. Theory of Shape Effect on Curie Temperature 
The Curie temperature can be regarded directly proportional to the cohesive energy (SUN, et al., 

2004), (YANG and JIANG, 2005,) and (Zhang and Willis, 2001). As an empirical result, we have: 

                                                                                                                 (5) 

Where E and  denote cohesive energy and Curie temperature. The subscripts n and b are 

nanoparticle corresponding bulk, respectively. According to Eq. 5   the Curie temperature should have 

(5)  

(3a) 
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the same size and shape dependence as cohesive energy. To understand the size and shape effects on 

cohesive energy are developed a size and shape dependent model for the curie temperature of 
ferromagnetic nanoparticles.  

The values of cohesive energy in nanoparticles are different for superficial part and interior part. 

It is because of their thermal behavior difference. Accordingly the surface to volume atomic ratio 
dependent expressed as.      

                                                                                             (6) 

The subscript’s’ is the surface. α means the surface to volume atomic ratio. According to the 

concept of coherent energy and the surface coherent energy by surface atoms,  Can be expressed as 

follows (ADAMSON, 1990,):  

 

Which  is the ratio of interior area to surface area. The subscript m denotes the embedding 

matrix,  represents the misfit between nanoparticles and matrix. In a case of incoherent interface 

between nanoparticles and matrix, η=0; and for a completely coherent interface, η=1. 
With the substitution of Eq. 7 in to Eq. 6, we obtain 

 

                                                                            (8) 

 

According Eq. 8 for freestanding nanoparticles we have (XIE, et al., 2004)  

                                                                                                           (9) 

For embedded nanoparticles (CAO, et al., 2006) 

                                                                                      (10) 

α denotes surface-to-volume atomic ratio, where the surface details should be noted. Supposing the 

shape of the nanoparticle is cubic α can be deduced as: 

                                                                                                                          (11) 

n denote the atomic number of Nano crystals. C  is the atomic number of on structure cell and K the 

ratio between equivalent atomic radius and lattice parameter .For Face- Centered- Cubic (FCC) , 
Body- Centered- Cubic (BCC) and Hexagonal Close–Packed (HCP) structures C are 4,2,2 and k are 

respectively (ASKELAND and PHULE, 2003). 

Substituting Eq.11 in to Eq.9 the cohesive energy for freestanding nanoparticles we have (XIE, et al., 

2005) 

                                                                                                      (12) 

We can define a shape factor µ as the ratio of two surface areas: 

                                                                                                                                   (13) 

S is the surface area of particle in random shape and  shows the surface area of the cubic 

particles. The values of shape factor for nanoparticles in different shape are listed in table 1.  

With combining Eqs.11 with 12 the cohesive energy of freestanding nanoparticles with random shape 
we can be described as:        

                                                                                               (14) 

Based on the same conception, the cohesive energy of nanoparticles under embedded condition is:           

)                                                                             (15)  
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According to relation 5, for freestanding nanoparticles we have:                    

                                                                                             (16) 

For embedded nanoparticles:                 

)                                                                             (17) 

Curie temperature function for different shape of freestanding Co, Fe, Gd, Ni, Tb nanoparticles 
is shown in figure 1. The Curie temperatures of ultrafine Fe, Co and Ni particles are numerically 

shown in Fig1. 

 

1.2. Theory of Size Effect on Curie Temperature 
In this section we study about a thermodynamics approach to the mechanism of size dependent 

of ferromagnetic transition temperature. This method is based on Lindeman criterion for melting 
Mott’s expression for the vibrational melting entropy and Shi model for the size dependent melting 

temperature. 

 It is worth emphasizing that the termination of the lattice periodicity in the surface normal has 
two effects. One is the reduction of the coordination numbers (CNs) of surface atoms and the other is 

the creation of a surface potential barrier. Both result in a large number of physical quantities  

at the surfaces or interfaces of nanocrystals being different from the internal counterparts . 

Based on the mean-field approximation, the physical quantity of nanocrystals [  can be given 

as (Frank, 1994):  

(18) 

                                                                                                                                                      

where the subscript s and v indicate the surface atoms and the atoms located within the Nano 

crystals, respectively,  is the ratio of the number of surface atoms (ns) to the total atom 

number (n) of Nano crystals(Frank, 1994). We have: 

                                                                            (19) 

When the particle is spherical or quasi-spherical  and h are atomic volume and diameter of a 

nanocrystalrespectively. With changing nomination, write the relation 19 in form   . 

Then we soppose: 

                                                                                                                              

          (20) 

Variation of is: 

                                                                                             

     (21) 
With the integration of relation 21, we can write: 

                                                                                  (22) 

In terms of the definition of 0D and the bulk boundary condition, two asymptotic limits should 

be satisfied, namely Q(D)/Q(∞) →0, when D → 0D , and Q(D)/Q(∞) →1, when D →∞. Then we 

obtain: 
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(23) 
 

For a nanoparticle D is its diameter, for a nanowire, D is taken as its diameter. For a film D 

denotes its thickness.  denotes a critical size at which all atom of a low dimensional material are 

located on its surface. Since 

 

 

                                (24) 

Where d=0 for particles d=1 for nanorods and d=2 for thin films. In short we can conclude that: 

hdD )3(20 
                                                                                                                             (25) 

h is atomic diameter and d shows a dimension.
 

Along the consideration of melting based on 

Lindemann’s criterion, a crystal melts when the c
H




 (Lindemann, 1910). C is a parameter which 

depends on crystal structure. H is assumed to be a size-independent constant. If suppose that 

, at temperatures close to the melting temperature we have:
 

                                                                                                      (26) 

When  , we can write: 

                                                             (27) 

With regard to relations 23, 26 and 27, the result is: 

                                                                              (28) 

The modern form of Lindemann’s criterion has been given by 

                                                                                                   (29) 

Where f denotes a fraction of the nearest-neighbor spacing at which melting occurs, M is the 

molecular weight, and V is the molar volume. Size dependence of the function of nanocrystals can be 
obtained as a generalization of the above relationship (Jiang, et al., 1998) 

                                                                                                                                                                                              (30)          

          

                                                                        (31) 

Using the mean field approximation, we have this relation: 

                                                                                               (32) 

 is the The average energy of thermal vibrations that is related to T in this form: 
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                                                                                  (33) 

is Einstein frequency and  is atomic mass. At  we have: 

 
                                                                                                                                          

As a result we can write . So Curie temperature is obtained: 

                                                                             (35) 

This is the relation of ferromagnetic nanoparticle Curie temperature and its size. This relation for 

five elements is shown in figure 7. For a nanocrystal with free surface or one deposited on inert 

substrate,   has been determined by Mott’s consideration (Zhao, et al., 2001) and (Jiang, et al., 

1999):  

R

svib

3

)(21 


                                                                                                           (36) 

To prove this relationship, use Mott’s expression vibrational melting entropy in a bulk crystal: 
                                                   (37) 

 

 

Where )(sC  and )(lC  are ultrasound 

propagation velocities of the bulk liquid 

and the bulk crystal, respectively. Since 

)(/)()(/)(  lsls SCrCrC  we obtain: 

)
)(

)(
ln(

2

3
)()(




m

m
vibvib

T

rTk
SrS

                                                                                  (38)

 

According to Eq. 31 we have: 

])

1

)1(
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

r

r

k
SrS vibvib



                                                                                  (39)

 

Melting entropy  consists of three contributions. Positional vibrational  and electronic 

component .  is the essential contribution to for metals and other terms are small. Then we can 

conclude that:   

])

1

)1(
[

2

3
()()(

0






r

r

k
SrS mm



                                                                                        (40) 

If supposed boundary condition 02rr 
,

0)( rSm ,
  we obtain eq 36. 

 

2. Numerical Calculation 
 

In Figures 1a, 1b, 1c, 1d and 1f, transition temperature is plotted versus atomic number for 

different geometrical shape of freestanding Co, Fe, Ni, Gd and Tb nanoparticles according to equation 

16. As you can see, for all five elements, the diagram varations is as exponential function. Sphere and 
decahedron has the highest and the lowest transition temperature, respectively. As you can see these 

diagrams have the same trend for the five ferromagnetic elements. In these pictures observed that 

Curie temperature difference can be caused by different geometric shapes. This effect is evident in 
Less than ten nanometers. Shape factor value of for some structure of nanoparticles is shown in table 

1. 

In Placement nanoparticle systems, Curie temperature depends on the interaction between the 
particle and the substrate.  When there are weak interactions at the surface, localized particles behave 

as free particles and The Curie temperature decreases with decreasing size. In the other hand when 
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there are strong interactions, Curie temperature nanoparticles can be localized through conflicting 

changes. 
Table-1. Shape factor value of for some structure of nanoparticles. 

µ Shape  

1 cube 

0600.0 sphere 

065932 octahedron 

160110 decahedron 

 
In figure 2 the Curie temperature function (Eq 16) for nanoparticles of Fe, Co, Ni, Gd and Tb 

and has been compared. The shape factor value is considered one, Hence the shape is cube. In this 

picture, the function varies exponentially.  As you see in this figure, varations of Co and Tb is more 

and less, respectively. We find that for ferromagnetism with higher Curie temperature , Slope 
varations is more and The opposite is also true. In Co and Fe nanoferromagnetic, Curie temperature 

variations is higher than other elements. As described earlier the size varations will effect the Curie 

temperature. 
 

Fig-1. Comparisons of Curie temperature function for different shape of freestanding nanoparticles.(a) 

Co.(b) Fe.(c) Ni. (d) Gd. (f) Tb. 
(a) 

 
 

 
 

(b) 
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(c) 

 

 
 

(d) 

 
 

 

 

 
(f) 
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In figure 3 curie Temperature varations is plotted for 5 nanomagnetics according to Eq 35 and 

for Fe, Co, Ni, Gd and Tb nanoparticles Comparison is done. 

According to Eqs (35) and (31), if α > 1, then decrease with decreasing D. when α < 1, 

 increase with decreasing D. As observed in this figure, while reducing the size, Curie 

temperature is reduced. 

To compare the different types of nanocrystals, we use the 3d plot diagram. In Figure 4, Curie 

temperature function (equation 35) is plotted as a three-dimensional.In this figure, Function  

versus  and . As you study before d Determines that the nanocrystal is nanoparticle, nanorod or 

thin film. By Using the plot 2d we can Analysis the plot 3d.  
In figure 5 you can see 3 graphs. One is for nanoparticles( d=0), the other is for nanorods  (d=1) 

and d=3 for thin films. From this figure, We can find that. Namely the curie temperature of 

nanoparticle drops more than the others. This can be explained that Contact surface  of nanoparticle 

with the environment is more than the others. 
 

Fig-2. Comparison of Curie temperature function (Eq 16) for freestanding nanoparticles Fe, Ni, Gd, 

Co and Tb with  

 
 
Fig-3. Comparison of Curie temperature function (Eq 35) for freestanding nanoparticles Fe, Ni, Gd, 

Co and Tb. 
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At the figure 6a, 6b and 6c can also see the diagrams of relations 5 , 35 and experimental results 

for  ferromagnetism of Fe, Ni and Co. We can say that when the particle size decreases,  the Curie 
temperature is decrease too. But the relation 5 is more consistent with the experimental results. To 

better understand this see the table 2,3,4. 

table 2 shows the average percentage error of relation 35 and 5 with experimental results for Fe 
ferromagnetic that is 19% and 44%, respectively. 

Table 3 numerical values for thin layers of  Ni ferromagnetic. we will find that the relation 35 is 

more agreement with experimental data . percent error of relations 35 and 5 with the experimental data 

are 11% and 28%, respectively. These results suggest that the relation 35 is closer to the truth. 
Also  If you consider to the table 4 can see percent error of relations 35 and 5 are 22% and 

56%,respectively. In general it can conclude that the relation 35 is more functional than the relation 5. 

 

Fig-4. Three dimensional plot of the function  versus D(nm) and d(nm). (Eq35) 

  
 

Fig-5. The corresponding contour plot of figure 8. 

 
 

 

 

Tc(D

) 

Nanoparticle   ,d=0  

Nanorod   ,d=1  

Thin film   ,d=2  

 

Tc(D
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Fig-6. Comparison the relations 35 and 5 with the experimental results. (a) for ferromagnetic Fe thin 

film (b) For Ni thin film (c) For Co thin film (YANG and JIANG, 2005) 
 

(a) 

 
 

(b) 

 

 

 

 

 Fig 9 
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Table-2. Numerical values obtained from the relation 35 and 5  and Percent error of  the relations  

compared with experimental for Fe thin film (YANG and JIANG, 2005) 

Percent error of 
relations 5 

compared with 

experimental 
results 

Percent error of 
relations 35 

compared with 

experimental 
results 

 

 

 

 

 

 
Film’s kind 

D 
(nm)  

81% 67% 392.50 75.00 121.88 Fe/pd(100) 0.30 1 

62% 16% 450.00 168.75 378.12 Fe/pd(100) 0.40 2 

49% 1% 475.00 240.62 468.75 Fe/pd(100) 0.44 3 

47% 18% 487.00 256.25 575.00 Fe/pd(100) 0.50 4 

24% 39% 550.00 418.75 765.62 Fe/pd(100) 0.75 5 

52% 14% 900.00 425.00 771.88 Fe/Sio 0.75 6 

40% 5% 900.00 540.62 846.88 Fe/Sio 1.00 7 

30% 3% 960.00 675.00 921.77 Fe/Sio 01.5 8 

51% 2% 750.00 362.50 725.00 Fe/Ag(001) 0.66 9 

16% 39% 600.00 500.00 825.00 Fe/Ag(001) 00.9 10 

47% 17% 1025.00 534.00 850.00 Fe/Ag(001) 1.00 11 

25% 6% 1025.00 765.63 954.00 Fe/Ag(001) 2.05 12 

44% 19% Average percent 

 

Table-3. Numerical values obtained from the relation 35 and 5 and Percent error of  the relations  

compared with experimental for Ni thin film (YANG and JIANG, 2005) 

Percent error of 
relations 5 

compared with 

experimental 

results 

Percent error of 
relations 35 

compared with 

experimental 

results 

 

 

 

 

 

 
Film’s kind D(nm)  

65% 40% 280 96.48 167.36 Ni/Cu(100) 0.4 1 

59% 17% 350 144.21 290.31 Ni/Cu(100) 0.5 2 

32% 11% 390 262.82 434.00 Ni/Cu(100) 0.8 3 

25% 16% 420 316.34 485.58 Ni/Cu(100) 1.0 4 

30% 7% 450 316.34 485.58 Ni/w(110) 1.0 5 

20% 13% 450 359.74 508.73 Ni/Cu(100) 1.2 6 

22% 2% 520 406.03 534.00 Ni/w(110) 1.5 7 

13% 11% 500 434.96 555.00 Ni/Cu(100) 1.8 8 

16% 3% 540 452.31 559.00 Ni/Cu(100) 2.0 9 

18% 1% 550 452.31 559.00 Ni/w(110) 2.0 10 

21% 3% 590 468.22 566.58 Ni/w(110) 2.2 11 

17% 3% 600 497.15 581.05 Ni/w(110) 2.8 12 

28% 11% Average percent 

 
Table-4 . Numerical values obtained from the relation 35 and 5 and Percent error of  the relations  

compared with experimental for Co thin film (YANG and JIANG, 2005) 

Percent error of 

relations 5 
compared with 

experimental 

results 

Percent error of 

relations 35 
compared with 

experimental 

results 

 

 

 

 

 

 
Film’s kind D  

76% 38% 390.00 93.92 238.27 Co/Cu(100) 0.35 1 
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56% 15% 440.00 193.89 374.06 Co/Cu(100) 0.39 2 

60% 52% 200.00 80.00 95.00 Co/Cu(001) 00.3 3 

47% 10% 370.00 196.53 408.71 Co/Cu(001) 00.4 4 

53% 3% 460.00 215.66 443.49 Co/Cu(001) 0.41 5 

43% 17% 500.00 283.49 600.00 Co/Cu(001) 0.47 6 

56% 22% Average percent  

 

3. Conclusions 
 

The shape or size of nanoparticles also plays an important role on the critical temperature 
variation within a quite ultrafine size range. For this reason two simplified model is developed for the 

size and shape dependent Curie temperature of ferromagnetic nanoparticles. These models predicts a 

decrease of Curie temperature with decreasing size or shape of ferromagnetic nanocrystals.When 
considering the curie temperature variations to the structure we can see that  sphere and decahedron 

geometry has the highest and the lowest curie temperature, respectively. Also we conclude that co and 

Tb has the most and the least curie temperature variations respect to the both size and structre, 

respectively. 
In general it can be said that at the nanoscale, phase transition occurs at a lower temperature.  

Also decreasing of curie temperature nanoparticle is more than the thin films and nanorods. 

Also we saw that All calculations of shape and size dependent of Curie temperature are 
consistent with the theoretical results and According to the tables there is slightly different between the 

theoretical results and the available experimental results and we would consider to carried out more 

experiments in this field in future. 
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